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Abstract. Thomason's Homotopy Colimit Theorem has been extended to bi- 
categories and this extension can be adapted, through the delooping principle, 
to a corresponding theorem for diagrams of monoidal categories. In this ver- 
sion, we show that the homotopy type of the diagram can be also represented 
by a genuine simplicial set nerve associated with it. This suggests the study of 
a homotopy colimit theorem, for diagrams B of braided monoidal categories, 
by means of a simplicial set nerve of the diagram. We prove that it is weak 
homotopy equivalent to the homotopy colimit of the diagram, of simplicial 
sets, obtained from composing B with the geometric nerve functor of braided 
monoidal categories. 
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1. Introduction 

The Grothendieck construction C jl3] on a diagram of categories C : Cat 
has been recently extended to the context of 2-categories [10] and, more broadly, 
of bicategories 0- These facts allowed then to show extensions, to diagrams of 
2-categories [ini Theorem 4.5] and, to diagrams of bicategories [Sj Theorem 7.3], 
of the well-known Thomason's Homotopy Colimit Theorem [TH]. Through the ele- 
mental delooping construction [15], a monoidal category M. = [M., ®, a, I, I, r) [16] 
can be regarded as a bicategory jvj with only one object, and therefore that 
extension provides a corresponding theorem for diagrams of monoidal categories. 
In this theorem, we remark that the homotopy type of the homotopy colimit of the 
diagram can be also represented by a genuine simplicial set nerve associated with 
the diagram. A braided monoidal category M. = ®, a, I, Z, r, c) [TJ] defines, 
by double delooping, a one-object, one-arrow tricategory M. [21 HI]- Although 
neither Grothendieck construction nor homotopy colimit theorem is known for di- 
agrams of tricategories, the above remark suggests an extension of Thomason's 
theorem, to diagrams of braided monoidal categories B : 1°^ — ?> BrMonCat. The 
composite of B with the geometric nerve Ner of braided monoidal categories [6] 
gives a diagram of simplicial sets, whose homotopy colimit is the matter of study. 
For it, we use a notion of nerve NeriB, associated with the diagram B, that is a 
particular case of a general notion of nerve of a pseudofunctor of braided monoidal 
categories introduced in [7|. We actually show that NerjB is able to represent the 
homotopy type of the diagram through the existence (Theorem 13. ip of a natural 
weak homotopy equivalence rj : hocoliniiNerB — > NerjB . 
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2. Preliminaries 

We start fixing notations and terminology and reviewing necessary results from 
the background of (bi)simplicial sets used throughout the paper. We employ the 
standard symbolism and nomenclature to be found in texts on simplicial homotopy 
theory (see [Illlll]). 

Hereafter, we shall regard each ordered set [n] = {0,1,- ■■n} as the category 
with exactly one arrow j — >■ i if « < j. Then, a non-decreasing map [m] — )■ [n] is a 
functor, so that we can see A, the simplicial category of finite ordinal numbers, as 
a full subcategory of Cat, the category of small categories. Simpl.Set will denote 
the category of simplicial sets, that is, functors S : A°p — > Set. A weak homotopy 
equivalence of simplicial sets is a simplicial map whose geometric realization is a 
homotopy equivalence. 

A bisimplicial set is a functor S : A°p x A°p -> Set. This amounts to a family 
of sets {Sp^q; p,q > 0} together with horizontal and vertical face and degeneracy 
operators 



^p+l,q ""^ Pi*? ^ P~li9' Pi9+1 PjQ ^ P:f?~l' 

with < i < p and < j < q respectively, such that, for all p and q, both 
and S'*_q are simplicial sets and the horizontal operators commute with the vertical 
ones. Bisimpl.Set will denote the category of bisimplicial sets. 

We shall use the bar construction on a bisimplicial set WS, also called its codi- 
agonal or total complex. Let us recall that the functor 

W: Bisimpl.Set -> Simpl.Set 

can be described, for any given bisimplicial set S, as follows [T, §111]: the set of 
p-simplices of WS is 

p 

^ (to.p ■ • ■ J tp.o) G Sra,p—m \ d^t^.p—m — C^in+l^"i+l,p— ™— 1 1 < 771 < Pj- 

and, for Q< i< p^ the faces and degeneracies of a p-simplex are given by 
di{to^p . . . , tp,o) — {d^to^p, . . . , d^ti^i 

On the other hand, by composing with the diagonal functor diag: A ^ ^ A" xA"^ 
the bisimplicial set S also provides another simplicial set diag 5: [77] ^ Sn.n, whose 
face and degeneracy operators are given in terms of those of S by the formulas 
di = d^dl and Si — s'^s'^, respectively. 

For any bisimplicial set S, there is a natural weak homotopy equivalence [51 15] 

(1) diag S-^WS*, 

which carries a p-simplex tp_p € diag S to 

^tp^p — {^{diYtp^p, {d^^Y ^dgtp^p, . . . , (dm+i)'' ^^{d^y^'tp^p, . . . , {dQ^tp^p^ . 

Next subsection is devoted to recall the extension to bicategories, shown in [5], 
of the Thomason's homotopy colimit theorem. 
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2.1. Thomason's Homotopy Colimit Theorem for bicategories. Recall that 
the Grothendieck nerve functor Ner : Cat — ^ Simpl.Set associates, with ev- 
ery small category C, the simplicial set NerC whose n-simplices are all functors 

F : [n] C or, equivalently, tuples of arrows in C, F — (Fj ''^> Fi)fXi<j<m such 
that FijFj^k = Fi^k for i < j < k and Fi^i — Ipi. For any given small category / and 
any diagram of categories C : 1°^ — Cat, the composite NerC : 1°^ Simpl.Set 
is just a diagram of simplicial sets. The homotopy colimit construction by Bousfield 
and Kan [4] of this diagram is the simplicial set 

hocolimiNerC : A°p Set 

[n] Y[ Func{[n],Ccro) ■ 

ln]^I 

Considering Grothendieck construction JjC of the diagram C : 1°^ Cat, Thoma- 
son's homotopy colimit theorem states the following: 

Theorem 1. (UM Theorem 1.2] J For any diagram of categories C : 1°'^ — > Cat 
there is a natural weak homotopy equivalence 

rj : hocolimjNerC — >■ Ner J C . 

In this way, the classifying space of the category JjC (that is, the geometric 
realization of its nerve) can be thought of as a homotopy colimit of the classifying 
spaces of the categories Ci that arise from the initial input data i — > C,; given by 
the diagram of categories C. 

Below we quickly review the extension to bicategories, given in [5], of the above 
theorem. For the background concerning bicategories we refer to [U [121 [18]. Bicat 
will denote the category of bicategories and homomorphisms between them (i.e., 
lax functors where the structure constraints are invertible). For any diagram of 
bicategories C : 1°^ — ?> Bicat there is a bicategorical Grothendieck construction 
JjC that suitably assembles all bicategories Ci, i G Ob/. Also, for any small 
bicategory C, we recall that the geometric nerve of C is the simplicial set, 

AC : A°P Set 

[n] i-^ LaxFunc{[n],C) 

whose n-simplices are all lax functors F : [n] ^ C. The unitary geometric nerve of C, 
A"C, is defined considering only normal (or unitary, i.e., when the unit constraints 
are all identities) lax functors F : [n] — > C. 

Then, Thomason's theorem admits the following generalization to diagrams of 
bicategories: 

Theorem 2. [5] Theorem 7.3] For any diagram of bicategories C : 1°^ — ?► Bicat, 

there exists a natural weak homotopy equivalence of simplicial sets 

(2) T] : hocolimiAC A J C 

where AC : 1°^ —5- Simpl.Set is the diagram of simplicial sets obtained by compos- 
ing C with the geometric nerve functor A : Bicat — > Simpl.Set. 

Ten different (but homotopically equivalent) ways of defining the classifying 
space of any bicategory have been shown in [5] Theorem 6.1]. The above the- 
orem stablishes then how the classifying space of the bicategorical Grothendieck 
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construction Jj C can be thought of as a homotopy colimit of the classifying spaces 
of the bicategories Ci that arise from the initial input data i t-^ d given by the 
diagram of bicategories C. 

In the next subsection we show how Theorem [2] provides a corresponding one for 
monoidal categories in which, besides, the homotopy colimit can be represented by 
a genuine simplicial set nerve of the diagram. 

2.2. Homotopy colimit theorem for monoidal categories. In what follows 
MonCat will denote the category of monoidal categories and monoidal functors 
between them. Note that every monoidal category Ai = {A4,®,a,l,l,r) can be 
regarded as a bicategory n M. with only one object *, whose morphisms are the 
objects of M and whose deformations are the morphisms of M.. The horizontal 
composition is given by the tensor functor ® : M. 'A M ^ J\A, the identity at 
the object * is the unit object I of and the associativity, left and right unit 
constraints for J7 M are just those of the monoidal category. This observation, due 
to J. Benabou [5], that monoidal categories are essentially the same as bicategories 
with just one object, is known as the delooping principle, and the bicategory fl M is 
called the delooping of the monoidal category |15i 2.10]. Thus we have the delooping 
embedding ft : MonCat Bicat. 

If M : I°P ^ MonCat, (j i) ^ (Mi Mj), is a diagram of monoidal 
categories, it follows from Theorem [2] that the homotopy type of Ai is modeled by 

the bicategory J^fl }w, after the existence, according to ([2]), of a weak homotopy 

equivalence 

(3) T] : hocolimi An' M ^ ^ J ^ ■^^ ■ 

But, as we shall see in detail below, the homotopy type of the diagram A4 can 
be also represented by a simplicial set associated to it, namely Ner/A^, the nerve 
of the diagram defined in [J . 

Recall that a 2-cocycle of / with coefficients in is a system of data (Y, /) 
consisting of: 

- For each arrow j — i in /, an object Ya £ Aij. 

- For each pair of composable arrows in /, fc A j A i, a morphism in Aik 

b*Ya(E>Yb^^Yab, 

such that Yi- — I (the unit object of M-j), the morphisms fiy. a*l (E) Yq — > and 
fa.i- Ya®l ^ Ya SLTB the Canonical isomorphisms given by the unit constrains of the 
monoidal category Aij and the monoidal functor a* , and for any three composable 

triplet, £ fc A- J A i, of morphisms in /, the coherence condition given by the 
commutativity of the following diagram in Aii 

C*fa,b «> 1 

(4) {c*b*Ya (E) C*Yb) ® Y, = ^ C*{b*Ya Yb) ® Y^ ^ C*Yab ® Yc 

— fab.c 

'^®fb.c fa.bc 
C*b*Ya ® (C*n ® Yc) ■ ^ C*b*Ya ® Ffcc ' ^ Yabc 

(where the unnamed isomorphisms are canonical) must hold. 
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Then, Ner/A^, the nerve of the diagram, is defined as the simplicial set 
(5) Ner/X: [n]^ \_\ Z^{[n],MG), 

0.[n]^I 

where G: [n] — > / is any functor and 2'^([n], G) is the set of 2-cocycles of [n] in 
the composite functor [n] I MonCat. Now we can prove the foUowing: 

Proposition 2.1. For any diagram of monoidal categories A4 : 1°^ — > MonCat, 

there is a natural isomorphism of simplicial sets 

NeriM ^ A"" [ fl^M . 



Proof. The isomorphism will be clear after describing the simplices of both simpli- 
cial sets in each dimension. 

First we observe that, according to the general construction of the bicategorical 
Grothendieck construction [5 , the bicategory Jjfl M has, as objects, pairs {*i,i) 

where i G Ob/ and *i is the unique object of A4i. Thus Ob JjQ ^ Ob/. A 
morphism from to i) is a pair {X, a), where a : j — > i is a morphism in / 

and X £ ObA^ j , and a 2-cell from {X, a) to ( Y, a) is just a morphism a : X ^ Y 
in Mj. The horizontal composition functor is given by: 

(ZM) {X,a) (b*X^Z,ab) 

{*k,k) 4/3 i}-a i)-b*a(»(3 {*i,i) 

(T,b) (Y,a) {b*Y0T,ab) 

where b* : fl Mj — > fl M.k is the induced homomorphism by 6 : fc — ^ j. 

Then, the unitary geometric nerve of the bicategory AJ is the simplicial set 

whose n-simplices, the normal lax functors [n\ ^ Jjfl A^, are described as follows 
( see P, Lemma 4.2]): 

- In dimension zero, (A" n''M)o = Oh Jj Q^'M ^ Ob/ 

- The 1-simplices F : [1] JjQ Xi of Jjfl Xi are the morphisms in JjQ Xi 
from Fl — to FO — {*pq,FO), that is, pairs (Xq, 1,^04) where Xq,i : 
*Fi *Fi is a morphism in 17 A^fi (i-e., an object of A^fi) and Fo.i : Fl — > FO 
is a morphism in /. 

- The 2-simplices F : [2] — Jjfl M. are triangles 

(*F1,F1) 

iX F ) (*F2,F2) 

where Fo4,2 : (-^0,1^ -^0,1) ° (-^^1,2, Fi,2) ^ {Xt^aiFoa) is a deformation in Xa. 

Then, Fo,i,2 : (Fi*2^o,i ® ^1,2, Fo,iFi,2) ^ (^o,2,Fo,2) and therefore Fo,iFi,2 ^ 

Fo,2 and Fo4,2 is just a deformation Fo,i,2 : F^ 2X0,1 ® ^1,2 Xq^ in ^ A1f2, 
that is, a morphism in A^f2 from F*2Xo,i Cg) Xi^2 to Xo,2- 




6 



A. R. GARZ6n and R. PEREZ 



Then, a 2-siniplcx of A" O Xi is a tuple {FO, Fl, F2, Fq.i, F0.2, F1.2, Fo.i.2) 
where Fi, i = 0,1, 2, are objects of /, Fij : Fj — > Fi, < i < j < 2, are morphisms 
in / such that Fo^iFi^2 = ^0,2 and Fo,i,2 : ^1 2^0,1 ^^1,2 — ^ -^0,2 is a morphism in 
Mf2 with Xq^i G ObA^Fi and Xi_2,-'^o,2 G OhMF2- 

- If n > 3, a n-simplex F : [n] ^ Jj fl A4 is determined by objects Fi of I, 
< z < n; for any < i < j < n, by objects Xij G OhAipj and morphisms in 
I, Fij : Fj — >■ Fi, such that, for any 0<i<j<k<n, Fij Fj^k = Fi,k] and, for 
any < i < j < fc < n, by morphisms in Mpk, Pi,j,k '■ Pj,k-^iJ ^ ^j,k — >■ Xi,k such 
that, for any < i < j < k < £ < n, the following diagram in Adpe, where 'can' 
denotes a composite of canonical isomorphisms, is commutative: 



^k,e^lk^hj ® Pk,e^j,k Xk,e ^ ''"'^ > ^le^hj ^o,' 



Pi.,, 



The whole data giving the normal lax functor F : [n] — > jj^l J\A are obtained 
by putting = /, < « < n, where / is the unit object of Mpi, and : 
F*jl <S> Xij — >■ Xij and Fijj : Xij (g) 7 — > Xij, < i < j < n, given by canonical 
(left, right, unit) constraints of the monoidal category Adpj- 

As for the n-simplices of NerjAi, 

□ zmn],MG), 

G■.[n]-^I 

they can be described as follows: 

- A 0-simplex consist of a functor G : [0] ^ I and a 2-cocycle of [0] with coefficients 
in A4G. Thus it is determined by the objects GO of / and therefore 



{NeriM)o = Ob(J) ^ (A» 17 )w)o • 



- A 1-simplex is given by a functor G : [1] — ^ / and a 2-cocycle of [1] with coefficients 
in A4G. A functor G : [1] — )■ / is just a 1-simplex of the nerve of the category I, 
that is, a system {Gi,Gij : Gj — >■ Gi), where Gi, i = 0, 1, are objects of / and 
Gij, < i < J < 1, is a morphism in I with G^.i = lot, i = 0, 1. A 2-cocycle of 
[1] with coefficients is AtG consists of objects Yij G OhMcj, < i < j < 1, with 
Yi^i = I the unit object of M-a- Thus an 1-simplex consist of a system of data 
{{Gi, Gij : Gj — )• Gi, Yij)}, < i < j < 1, as above and therefore 



iNeriM)i ^ (A"^Q !m)i 



- A 2-simplex is given by a functor G : [2] ^ / and a 2-cocycle of [2] with coefficients 
in A^G. A functor G : [2] — > / is just a 2-simplex of the nerve of the category I, that 
is, a system (Gi, Gi.j : Gj Gi), where Gi, i = 0, 1, 2, are objects of / and Gij, 
0<i<j< 2, is a. morphism in / such that the equation Gi,jGj,k = Gi,k holds for 
0<«<i<fc<2, with Gi,i = la, i = 0, 1, 2. A 2-cocycle of [2] whit coefficients in 
MG is a system (Yij,Gij,k ■ G* f.Yij (E)Yj_k lj,fe) where Yij G OhMcj, < i < 
j < 2, with Yi^i = 1 the unit object of Ma, and where Gi,j,k, 0<i<j<k<2, 
are morphisms in ^4Gk such that, apart from Go, 1,2 : GI 2^0,1 <8) Yi^2 — > Yo,2, Gi,ij 
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and Gi^j.j, for any < i < j < 2, are given by canonical constraints. All together, 
we have that 

{NeriM)2 = [A'^ jn'M)2. 

Finally, 

- if rt > 3, a n-simplex of NerjAd is given, on the one hand, by a functor G : [rt] — >■ /, 
that is, a system of data {Gi,Gij : Gj — >■ Gi)o<j<j<ri, where Gi E Ob/ and Gij 
are morphisms in / such that GijGj^k = Gi_k for 0<i<j<fc<7i and Gi^i — Ici 
for 0<i<j<k<n. On the other hand, a 2-cocycle of [n] with coefficients in 
MG is given by the system of data {Yij,Gij^k ■ G* f.Yij (g) Yj,k -)■ li,fe)o<i<j<fc<n 
where Yij E OhMcj, with ^ = I, the unit object of Mci, for each < i < ti, 
and Gij^k are morphisms in Mck such that, for any < z < j < n, Gi^i^j and G^jj 
are given by the left and right constraints of the monoidal category Aicj for the 
object Yi,j. Moreover, for all < i < j < A; < ^ < n, the coherence condition of (HJ 
must hold, that is, the following diagram must be commutative: 



Gli{Glky^.J ® yj.k) ® Yk,t — — GyY.^k ® Yk, 
Then, for all n > 0, 

{NeriM)n = iA" J^n'M)n 
and so we have the announced isomorphism. 



■ G*,Y,,j ® Y,,i 



Gi^k,i 



Gi,j,l 



X.. 



i.e ■ 



□ 



Since the weak honiotopy equivalence (jSj remains valid taking unitary geometric 
nerves instead of geometric nerves, the above proposition gives us: 

Theorem 2.2. For any diagram of monoidal categories M : 1°'^ — >■ MonCat there 
is a natural weak homotopy equivalence 

rj : hocolimi/V-n'M ^ ^" - NeriM 

where A"f2 Ai : 1°^ — )■ Simpl.Set is the diagram of simplicial sets obtained 
by composition of M. with the unitary geometric nerve functor A" : Bicat 
Simpl.Set. 

In this way, the geometric realization of Ner/A^ can be thought of as the homo- 
topy colimit of the classifying spaces of the monoidal categories M.i given by the 
initial data. 



3. Homotopy colimit theorem for braided monoidal categories 

In this section we will give an extension of Theorem 12.21 to braided monoidal 
categories. Recall that a braided monoidal category^ A4 — (A1,(8),c), consists of a 
monoidal category A4 = 0, a, I, I, r) together with a braiding, that is, a family 
of natural isomorphisms c = cx,y X (g) Y ^ Y (g) X , X,Y E OhAi, satisfying 
suitable coherence conditions [M]. The category of braided monoidal categories. 
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and braided monoidal functors between them, will be denoted by BrMonCat. 
Any braided monoidal category M = (A^,(g>,c) defines [3l[15], by the categorical 
delooping principle, a one-object (say *), one-arrow tricategory M. where the 
objects of M are the 2-cells and the morphisms are the 3-cells (thus 51 A^(*, *) = 
and the braiding provides the interchange 3-cell between the two different 
composites of 2-cells). 

If B : I°P BrMonCat is a diagram of braided monoidal categories, the above 
double delooping construction determines a diagram of tricategories. A hypotheti- 
cal Grothendieck construction for such a diagram, together with the consideration of 
suitable nerves, should allow the direct extension of Thomason's homotopy colimit 
theorem to braided monoidal categories. However, paralleling the monoidal case, we 
can avoid that Grothendieck construction to measure the homotopy colimit of the 
diagram, of simplicial sets, obtained from composing the diagram B with the geo- 
metric nerve of braided monoidal categories [51 Definition 6.7]. This is carried out 
by using the notion of nerve of a pseudofunctor of braided monoidal categories intro- 
duced in [7j. In the particular case of considering a diagram B : 1°^ — >■ BrMonCat, 
we shall prove that the homotopy type of the diagram can be represented by its 
nerve, NerjB, a simplicial set that, below, we recall. 

A 3-cocycle of / with coefficients in S is a system of data (Y, /) consisting of: 

- For each two composable arrow in /, fc ^ j i, an object Y^^r of Bk- 

- For each three composable arrows in/,^^fc^>j-^i,a morphism of Bi 



f<7,T,^ ' ^ YcT,r ® YfTr.7 ^ Yr.7 ® YfT,r 



7 



such that, for any four composable arrows in I, m £ k j i, the 
following diagram in Bm (in which we have omitted the associativity constraints) 
is commutative 



S*-/*Y„,r 8) Y^^s ® Y„r,jS 
,7(5 



and, moreover, Yi^^ = I = Y^^i, f^^rs = c^^^^.i : Y<t,t ® I I ® : 
7*1 ® ycr,7 — >■ I €3 i^(T.7 is the composite of 1\®y„ with the unit constraint of the 
monoidal functor 7* and /i,r,7 : 7*1 ® Yr.-^ Fr.7 ® I is the composite of Cj 
with the unit constraint of the monoidal functor 7* . 

Then, the nerve NerjB of the diagram is defined as the simplicial set, [7], 



(6) 



NeriB : [n] ^ ]J Z^{[n],BG) 

G:[n]~^I 
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where G : [n] — > / is any functor and ( [n] , BG) is the set of 3-cocycles of [n] with 

coefRcients in the composite functor [n\ — > I — > BrMonCat. Thus, an n-simplex 
can be described as a system of data 

where: 

- Gi^j^k G OhBck for < i < < fc < n, with Gi.ij = Gijj = I, the unit object of 
the braided monoidal category Boj- 

- Gij^k,e ■ Gl,tGi,j,k ® Gi^k,i Gj^k,e "X) Gij^i, ior < i < j < k < £ < n, is 
a morphism in Bee, where G^ ^ : Bok ^Gi is the braided monoidal functor 
associated to the morphism — > fc of [n], with Gi^ij^k the composite of ci_q. . ^, 
with the unit constraint of G*^,, Gi_jj_k the composite of li(g,Gijk with the unit 
constraint of G* and Gij^k,k = CG,,j,fc,i- 

Moreover, for ah < z < j < fc < ^ < m < n, the foUowing diagram in Bcm 
must be commutative: 



(7) 



Ge,7niGk,eGi,j,k ® Gi^k,e) 'S' Gi^e,m 

G|.„Gi,3,fc,(!®l 

Ge,m(Gj,k,e ® Gij^e) ® Gi^e^^^ 



Gi.mGj,k,e 

l(S)Gijj_ 

G*e,mG],k,e C 



Gt,mGi,j, 



• Gi, 



G 



G. 



Gi 



■ Gl^raG*k,lGi,j,k ® G*g^^Gi^k,i ® Gi^ij 
Gi niGk iGiJ.k ® Gk,t,m ® Gi,k,m 



Gk,l,m ® G'^ j^GiJ.k 'E) Gi.k.; 
' Gik.m 'S> G 



Gk. 



Particularly, if the diagram B : 1°^ — ?> BrMonCat is constant a braided monoidal 
category J\A = [M., ®, c), the notion of 3-cocycle of / with coefficients in B is just 
that of 3-cocycle of / in (jll Definition 6.6]) and, in this case, NerjB is the 
geometric nerve, NerA4 = Z^{Ai,®,c), of the braided monoidal category (j6j 
Definition 6.7]) that is, the simplicial set: 

NerM : A°p -> Set 

[n] ^ Z^{[n],M) 

where Z^{[n], A4) is the set of 3-cocycles of [n] in Ai. This defines the geomet- 
ric nerve functor of braided monoidal categories, Ner : BrMonCat — > Simpl.Set, 
which associates with each braided monoidal category A4 its geometric nerve NerAi. 
For any diagram B : 1°^ — > BrMonCat we can consider the bisimplicial set 



S= [] NerBGo= [J Z^ 

G: [<?]->/ 



,Bgo) 



GeNerl 



whose(p, g)-simplices are pairs (G, G) where G : [g] — J- / is a functor and G : [p] — >■ 
Bgo is a 3-cocycle of [p] in Bgo- If ct : [p'] — [p] and P : [q'] — >■ [q] are maps in the 
simplicial category, then the respective horizontal and vertical induced maps are 
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where G/3 : [q'] 
G*^0,G: [p] a ^ 
the braided monoidal functor GX 



defined by: 

a*''((G,G) = (Ga,G) ; a*''{G,G) = (Gj^.^o'G, G/3) 

^ [g] X, Ga : [p'] ^ [p] ^ Bgo is a 3-cocycle of [p'] in Sgo and 
G^o is the 3-cocycle of [p] in Bcpo obtained by composing G with 
g associated to the morphism G/30 -> GO of /. 
In particular, the horizontal and vertical faces of S are given by 

4{G,G) = {Gd\G), 0<i<p, 

and 

d]{G, G) = (G, Gd^) , 1 < j < g , while G) = (G^^iG, Gd°) . 
The diagonal of this bisimplicial set is just the homotopy colimit, hocolimi N erB , 

B Ner 

of the diagram of simplicial sets 1°^ — > BrMonCat > Simpl.Set. Thus, 

hocolimiNerC = diagS* is the simplicial set whose n-simplices are pairs (G, G) 
where G : [n] / is a functor and G : [n] Bgo is a 3-cocycle of [n] in Bqo- 



Now we are ready to prove our main result: 

Theorem 3.1. f Homotopy Colimit Theorem for braided monoidal categories^ For 
any diagram of braided monoidal categories B : 1°^ BrMonCat there exists a 
natural weak homotopy equivalence of simplicials sets 

(8) 77 : hocolimjNerB NerjB 

where NerB : 1°^ Simpl.Set is the diagram of simplicial sets, obtained by the 
composition of the diagram B with the geometric nerve functor of braided monoidal 
categories Ner : BrMonCat — >■ Simpl.Set, and NerjB is the nerve ^ of the 
diagram. 

Proof. Let (G, G) be an n-simplex of hocolimjNerB. Then G : [n] / is a functor 
and G : [n] — > Bqo is a 3-cocycle of [n] in Bgo, that is, a system of data 

G — {Gij,k, Gi,j^k,e ■ Gij,k ® Gi^k,e ~^ Gj^k,e ® Gij,i}o<i<j<k<e<n 

where Gij^k are objects and Gij^k,i are morphisms of Bgo such that: 

- Gi^ij — Fijj — I, the unit object of Bgo'-, 

- Gi^ij^k is the composite of ci^Gi j k with the unit constraint of G* j,, Gijj^k is the 
composite of ^i0Gi j k with the unit constraint of G* f. and Gij^k,k — j tj; 
and, moreover, for al\0<i<j<k<£<m<n, the following diagram in Bgo is 
commutative: 



(9) (Gij.k ® Gi,fc/) (8) G^.i.. 



Gj,k,e {Gj^i^m ® Gij^m) 



Gi,j,k ^ {Gi.k,e ® Gi^e^m) 



18Gi,fc,f,„ 

Gi,j,k ® {Gk,e,m ^ Gi^k,m) 
can(c(2)l)can 

Gk,e,m 'S' {GiJ^k ^ Gi^k,m) 
ca.n{l®G ij^k,m 



(Gj.fc,f,,„«il) 



{Gk,i,m ® Gj k,m) ® Gi_j m ■ 

l)can 
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Then we define a map 

77 : {hocolimiNerB)n {NeriB)n , (G, G) ^ (C, G) 

where 

is the 3-cocycle of [n] with coefficient in BG, defined as follows: 

- The objects of Bck, G'^ ^ ,, = G^j^Gij^k, ior < i < j < k < n, and ^ = 
G'^jj =1, 0<i<j<n, where I denotes the unit object of Boj- 

- The morphisms G'^ ^ f. ^ in Sg£, 0<i<j<k<£<n, given as the dotted arrow 
in the following diagram: 

'Gk,fi'i..j,k ® Gi,k,i G'j,k,e ® Gij,i 

can can 

GaAGid,k ^ Gi^k,i) — — ^ Go,eiGj,k,i ® Gijj) . 

It is straightforward to check that, in this way, (G',G) is actually an n-simplex 
of NerjB. For instance, the commutativity of diagram ([7]) for G' is deduced from 
the commutativity of ([9]) for G. 

Since hocolimiN erB — diag.? we have, according to ([T|), a natural weak homo- 
topy equivalence 

$ : hocolimiNerB WS 

and we will prove that 77 is also a weak homotopy equivalence by showing a simplicial 
isomorphism 

: WS ^ NeriB 

making the following diagram of simplicial sets commutative: 

rj 

hocolimjNerB ^ NerjB 




WS. 



According to the general description of the simplices of WS recalled in Prelimi- 
naries, a p-simplex de WS, in our case, can be described as a list of pairs: 

X = ((G(°, G(p), ■ • • , G(p-'"), • • • , (G(f , G(°)) 

where each G'-^^™ : [p — m] / is a functor and each G*-™ : [m] Bqip-^q is a 
3-cocycle of [m] in BQ(p-mQ, such that the following equalities 

hold, for all < TO < p. 

Writing G^^ : [p] I simply as G : [p] I, an iterated use of the above 
equalities proves that 

Q{p-,n ^ G(f-'^-<f : [p - to] ^ /, < TO < ]9 , and 
(g(™+i^™+i . . . ^k+i ^ g^^^+iGC^ : [k] ^ 6g(,„+i) < fc < m < p . 
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Since each 3-cocycle G^™ is a system of data {G-™;., Gy^f. ^}, these latter equations 
mean that: 

Gtk = GlAlk ,i<3<k<i; G\2k,e = GlmGfj,k,e ,i<3<k<l<m. 

Thus, a ^>-simplex x of WS is uniquely determined by a functor G : [p] — >■ 7, 

the objects G^^ j, of Bck and the morphisms cf- ^ of Bct^ for any Q < i < j < 
k < £ < p. Then wc observe that there is a 3-cocyclc C = {G^ j k^G'^ j f } of [p] 
with coefficients in BG defined by G'^jj^ = G^^ ^, for any 0<i<j<k<p, and 
G'ij^k/ — Gfj for any 0<i<j<fc<^<p, and therefore a p-simplex x of 
WS defines a p-simplex (G',G) of NerjB, which itself uniquely determines x- In 
this way, we get an injective simplicial map 

* : WS — > NeriB 
((G(",G(^'),.. - ,(G(^G(")) ^ (G',G) = ({g£,„ g5,,,},G(p )• 
But also is surjective. In fact, let (C, G) any p-simplcx of NerjB, that is, let G : 
[p] — 7- / be a functor and let G' = |G-j^, G-^^.^1 be 3-cocycle of [p] with coefficients 
in BG. Then we can consider the p-simplex x = (G^'",G^p~™) of WS where, for 

each < m < p, G^^~™ : [p — m] — >^ / is the composite [p — m] > [p] — >^ / and 

the 3-cocycle G^™ of [m] in ZJ^cp-mo is defined as follows: 
-The objects Gg, = G;:,„G^.^. 

- The morphisms G-™;.^^ : G^-^j, ® G-^_^ ^jifc,^ ® ^ij,^ given as the dotted 
arrow in the following diagram 

Gk,mGij,k ® G}^^G[ ,^ ^ ■> G}^^G'-^f. ^ (g) Ge,mGi .j g 



Gl,jniGl^iG[ ^ J, ® G[j^j) ^l,m(<^i,/c,f ® G'i^j^e) ■ 

It is easy to check that ^'(x) = (G',G), whence we conclude that the simplicial 
map ^ is surjective and, therefore, it is an isomorphism. 

Finally, since ry = is an isomorphism and $ is a natural weak homotopy 

equivalence, we have that is a natural weak homotopy equivalence as claimed. □ 

This theorem allows to think of the geometric realization of NerjB as the homo- 
topy colimit of the classifying spaces of the braided monoidal categories Bi given 
by the initial data of the diagram B : 1°^ BrMonCat. 
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